Lorentz boosts on particles with spin and momentum degrees of freedom induce momentum-dependent rotations. Since, in general, different particles have different momenta, the transformation on the whole state is not a representation of the rotation group. Here we identify the group that acts on a two-particle system and, for the case when the momenta of the particles are correlated, find invariant subspaces that have interesting properties for quantum information processes in relativistic scenarios. A basis of states is proposed for the study of transformations of spin states under Lorentz boosts, which is a good candidate for building quantum communication protocols in relativistic scenarios.
I. INTRODUCTION
The conceptual basis of Quantum Mechanics has been the subject of heated debates since the beginning of the theory until these days. The EPR [1] and Bohm [2] thought experiments set the context of the discussion on the nature of the physical reality, as understood according to Quantum Theory. Later, the works by Bell [3] allowed for this discussion, previously philosophical, to be the subject to empirical verification. Experimental results arising from Bell's work [4] [5] [6] strongly suggest the impossibility for a local hidden variable theory to reproduce the predictions of Quantum Mechanics.
The study of the foundations of the theory has also led to the analysis of quantum systems as information carriers. The features that distinguish quantum systems from classical ones can be used to transmit and process information in ways that are impossible for systems that obey classical laws. Typical examples of this fact are quantum teleportation [7] and super-dense coding [8] . In order to characterise the novel properties of quantum mechanical systems in a precise manner, there has been an important amount of effort in defining quantities that measure those aspects of the systems that are relevant to the transmission and processing of information (cf., e.g., [9, 10] ). This analysis has been important both from the fundamental and the applied points of view.
Recently, there has been considerable interest in studying the behaviour of quantum systems under relativistic transformations from a quantum information perspective. Given the non-local character of quantum mechanics, experiments which produce non-local correlations have been analysed in a special-relativistic framework [11] [12] [13] [14] [15] [16] [17] . Furthermore, in view of the important applications of quantum systems for the transmission of information, the effects that relativistic velocities between emitter and receiver have on the capacity of quantum channels to transmit classical or quantum information have been studied [18] , showing that an appropriate Lorentz boost increases both the classical and quantum capacities of a communication channel. Moreover, it can be used to obtain a positive quantum capacity channel from a channel that does not allow quantum communication for observers at rest with respect to each other.
In a similar spirit, the effects of Lorentz transformations on the quantum entanglement of systems of pairs of particles have been analysed [12, 19, 21] . Despite the fact that the total entanglement of the system, i.e. entanglement of one particle with respect to the other, is conserved, entanglement in the spin sector of a two-particle system is modified by the relative velocity between observers. In [21] it was shown that, for particles propagating with opposite momenta and a Lorentz boost in a perpendicular direction to the momenta, there exists a set of spin states that remain invariant under the Lorentz transformation, thereby conserving entanglement with respect to all partitions of the Hilbert space of the system.
In this paper we consider the transformation of a two particle state in the general case and analyse closely the characteristics of invariant subspaces. In section II we briefly review how Lorentz transformations affect elementary particles with momentum and spin degrees of freedom and in section III we focus on two-particle systems and identify the group that acts on the spin sector of the state. We then analyse the case where the momenta of the particles are correlated and show that there are subspaces of spin states that are closed under Lorentz transformations. In section IV we give a closed formula for the spin-momentum entanglement of an EPR-like pair of arbitrary spin under a Lorentz boost perpendicular to the propagation direction. We present our conclusions in section V.
II. ONE PARTICLE
We briefly recall the transformation law for momentum and spin eigenstates under the Lorentz group. For a particle of mass M > 0 and spin s, the state of momentum p and spin projection along the z-axis σ is defined as
where k = (M, 0, 0, 0) T is the four-momentum of the particle in its rest frame, σ = −s, −s + 1, · · ·, s, and U (L p ) is the spin-s unitary representation of the pure boost L p that takes k to p. Explicitly [22] ,
where p denotes the spatial part of p and latin indices with values 1, 2, 3 are used as spatial indices. The state |k, σ is an eigenstate of both the momentum operator, P , and the total angular momentum in the z direction, J z P |k, σ =k |k, σ
It is important to note that the transformation that takes k to p is not unique. In fact, L(p)R, where R is any three-dimensional rotation, has the same effect, since R acts trivially on k. Different choices for R lead to different definitions of momentum and spin states.
We also wish to point out that, for arbitrary p, the state |p, σ is no longer an eigenstate of J z , so that σ is not the label of the spin of the particle in the reference frame where it has momentum p but, rather, in the reference frame where it is at rest. This remark is important in, for example, the context of spin measurements performed by a Stern-Gerlach apparatus.
To illustrate this point suppose that we prepare a spin-1/2 particle in the state |k, σ = +z , and perform a quantum test with a Stern-Gerlach magnet oriented in the z-direction in the reference frame of the particle. The test consists in checking wether the particle has spin in the direction +z. In the rest frame of the particle it is absolutely certain that the particle will pass the test; however, if the particle has momentum p in the reference frame of the magnet, there is a non-zero probability that it will be deflected in the −z direction. Thus, a (normalised) state like
cannot be interpreted as a spin eigenstate in this context, and taking a partial trace of the momentum degrees of freedom can lead to inconsistencies, as shown in [16] . This does not mean that the reduced spin density matrix obtained by tracing out the momentum degrees of freedom is useless for making physical predictions, as it gives the correct expectation values for suitably defined spin operators [23] . In our case, for example, the state (4) is certain to pass a test corresponding to the projector |p 1 , +z p 1 , +z| + |p 2 , +z p 2 , +z| and can therefore be understood as having spin +z in this context. In this work we analyse spinreduced density matrices formed by the partial trace method and write formally the Hilbert space of the particle as a tensor product of spin and momentum subspaces,
with the understanding that the reduced density matrix has to be interpreted in terms of adequate quantum tests.
Consider now an observer whose reference frame is obtained by means of the Lorentz transformation Λ −1 from the original reference frame. For this observer, the state |p, σ is transformed under the spin-s unitary representation of Λ, that is, |p, σ −→ U (Λ) |p, σ .
We now find the explicit form of U (Λ). From (1) and the group representation property it follows that
The transformation W (Λ, p) is a pure rotation, since it leaves the rest frame four-momentum (3), according to
where
) is a spin-s representation of the rotation W (Λ, p).
When considering two particle states it will be useful to look at transformation (6) with a different notation, separating the spin and the momentum parts of the system. We thus
Considering again the state (4) we see that it transforms as
Since we cannot write the final state as a tensor product of spin and momentum sectors we say that the Lorentz transformation has entangled the spin and the momentum. It is also said that Lorentz transformations do not preserve the tensor product structure of the Hilbert space. Of course, this spin-momentum entanglement is of a different nature as the usual particle-particle entanglement and should be understood in terms of concrete measurements. In our example, given by state (4), we see that the transformed state is no longer an eigenstate of a projector of the form
for any direction n, in contrast to state transformations given by pure rotations, where U (Λ, p 1 ) and U (Λ, p 2 ) are equal. Therefore, due to spin-momentum entanglement, the particle has a non-zero probability to fail a test for the operator (9) for every possible value of n. This is reflected by the fact that the reduced spin density matrix is no longer a pure state when tracing out momenta. We want to make clear that the situation just described poses no problem for relativistic invariance: we are talking about two different experiments rather than a single experiment seen by two different inertial observers.
III. TWO PARTICLES
Consider now a pair of spin-s distinguishable massive particles with momenta p 1 and p 2 according to the reference frame of some inertial observer. The state of the system in this reference frame is |p 1 , σ 1 ⊗ |p 2 , σ 2 . This state is a basis element of the complete Hilbert space, which we decompose into two possible partitions
where A and B denote our two particles and p and s stand for the momentum and spin degrees of freedom, respectively.
For the second inertial observer described in the previous section, the two particle system is described by
The most important thing to note about this transformation is that it acts with a unitary operator in each particle subspace. By linearity, this will be true for an arbitrary initial state. As a consequence, entanglement between particles will always be conserved. This fact is fundamental for the consistency between quantum mechanics and special relativity as, for example, a violation of Bell's inequalities in one reference frame implies a violation of the inequalities in any other frame. In order for this to be true, entanglement between particles must be a relativistic invariant.
Having said that, we now analyse the transformation in the two-particle spin space. From eq. (11) we see that it is given by the tensor product of the representations of the Wigner rotations corresponding to each particle, i.e. we may rewrite eq. (11) as
. From this result we can now find the group acting on the spin part of the system for a given pair of momenta p 1 and p 2 . Since
and W (Λ, p 2 ), it is a representation of the cartesian product SO(3) × SO(3). In general,
for two groups G 1 and G 2 and two representations D 1 and D 2 acting on two vector spaces V 1
and V 2 , that is,
, we can construct the exterior tensor product representation
defined by
for all g 1 ∈ G 1 and g 2 ∈ G 2 . In the case described above, G 1 = G 2 = SO(3) and the representation acting on the spin space H s is an exterior product of the representations described in the last section.
We can ask for the invariant subspaces of these representations in order to find a natural division of the spin space for the physical situation described above. However, it is a known result of exterior tensor product representations that D 1 D 2 is irreducible if and only if D 1 and D 2 are irreducible. Since, by assumption, we have elementary particles, both representations of SO(3) corresponding to p 1 and p 2 are irreducible. As a consequence the two-particle spin subspace has no nontrivial invariant subspaces.
The situation is different, however, when both momenta are correlated. In the case where, say, p 2 is a linear function of p 1 , i.e. p 2 = f lin (p 1 ), the representation of SO(3) × SO (3) becomes effectively a representation of SO (3), since the elements (W (Λ, p),
are in one to one correspondence with W (Λ, p) ∈ SO(3). In this case the representation will be in general reducible and there will be nontrivial subspaces of the two-particle spin space that transform amongst themselves under Lorentz boosts.
In an EPR-like scenario, a pair of particles is created with 0 total linear momentum, so that the functional relation between p 1 and p 2 is simply p 2 = −p 1 . For this scenario, and a Lorentz boost Λ in a given direction, the underlying group is actually SO(2), since the Wigner rotation is along the same axis for both particles.
IV. SPIN-MOMENTUM ENTANGLEMENT (RESULTS)
A. General Results
Let us closely analyse the situation described in the last paragraph of Section III. We first state the physical scenario briefly, following previous treatments [12, 19, 21] , and then study the behaviour of spin-momentum entanglement in the light of the invariant subspaces that arise due to the correlation between momenta.
Let p = (p 0 , p) (and −p) be characterised by the rapidity η, which is a three-vector that points in the direction of p and satisfies M sinh |η| = |p|. Let Λ be a pure boost perpendicular to the propagation direction and parametrised by the rapidity ξ, so that tanh |ξ| = v, with v equal to the relative velocity between the reference frames.
In this case the Wigner rotation W (Λ, p) is along the axis defined by η × ξ and has a rotation angle Ω, given by tan Ω = sinh |η| sinh |ξ| cosh |η| + cosh |ξ| .
The angle Ω is called the Wigner angle. The Wigner rotation corresponding to the opposite value of the momentum, W (Λ, −p), is equal to the previous one but replacing Ω by −Ω.
Then the rotation axes corresponding to W (Λ, p) and W (Λ, −p) are the same, and the underlying group that acts on the spin space is SO(2). The group SO(2) has one-dimensional irreducible representations of the form e imΩ . The representation induced in the two-particle spin-space by the Lorentz transformation must be reducible, since this space is (2s + 1) 2 -dimensional.
Based on this idea, we label the spin states in H s according to their transformation properties under representations of 'rotations' of the form W (Λ, p) ⊗ W (Λ, −p). More precisely, we define the spin state |m, α as an element which carries the m representation of SO (2), i.e., U (Λ) |p, −p |m, α = e imΩ |Λp, −Λp |m, α .
The label α is used in order to take into account the different times that the same irreducible representation of SO (2), labeled by m, appears in the spin space. The number of different α's for a given m, that is, the multiplicity of the representation m, is calculated in [21] and shown to be a m = 2s + 1 − |m|. Therefore the transformation
is diagonal in the {|m, α } basis. Moreover, since the transformation that diagonalises
We now quantify how the Lorentz boost Λ entangles the spin and the momentum of the most general spin s initial spin-state. Since the entanglement change is 0 for initial momentum states that are not in a superposition [12] , we take the initial momentum state to be in the homogeneous superposition (|p, −p + |−p, p ) / √ 2. Our total initial state is then
Using equation (16) in equation (18) we find the final state |ψ f = U (Λ) |ψ i to be
From expression (19) we can see immediately that, for the case of a single value of m, i.e. for coefficients c m,α = δ mm 0 c α , the spin sector of the system factors out and remains unchanged.
There is therefore no entanglement between spin and momentum and, as a consequence, the entanglement between single-particle spins remains invariant as well, a fact that might be important for future applications of quantum information protocols in relativistic scenarios.
Let us now calculate, as a measure of the entanglement between momentum and spin, the linear entropy with respect to the momentum-spin partition of the Hilbert space [12] 
where ρ i is obtained by tracing out the momentum or spin degrees of freedom from the total density matrix ρ = |ψ f ψ f |. To simplify calculations we consider sharp momentum distributions approximated by plane-wave states so that, effectively, p i |p j = δ ij . Using equations (19) and (20) we find that the linear entropy after the Lorentz boost is given by
B. Examples: two parametrisations
In order to analyse the behaviour of several spin sates at a time, several parametrisations of initial spin states were proposed in references [12] and [21] . The parametrisations were defined such that for every definite value of the parameters there was certain initial spin state.
In this way, entanglement was calculated as a function of the parameters. Nevertheless, (21) shows.
We now illustrate the spin-momentum entanglement for superpositions of different values of m. Figure 1 shows the entanglement after the Lorentz boost for the states given by the parametrisation |ψ s = sin θ cos φ |m = 1 + sin θ sin φ |m = 0 + cos θ |m = −1 ,
where we have ignored the value of α since it plays no role in entanglement.
Note that, so far, no reference has been made to the total spin of the particles. In fact, the representations m = 1, 0, −1 are present for every s > 1/2, so that Figure 1 can describe particles of arbitrary spin. For the case s = 1/2, the invariant states are given explicitly by
are the well-known Bell states, and
The figure shows the spin-momentum entanglement for increasing Wigner angles. Entanglement is 0 for vanishing Ω and increases gradually as Ω grows, as can be seen in the case
and |m = −1 (θ = 0) always have 0 entanglement.
For thse spin-1/2 case, analysed in [12] , the state |m = 0 corresponds to either |ψ + or |φ − , which are maximally entangled states. These spin states remain exactly the same before an after the Lorentz boost and therefore are ideal candidates for transmitting quantum information in a situation where we want both observers to describe the same spin state, regardless the rapidity of the particles |η| or the strength of the boost |χ|. On the other hand, for situations where we want the state to change and therefore need the spin and momentum to get entangled, we note that the states for which entanglement is grater, that is, those corresponding to maxima in Figure 1 
where 1, 0 and −1 denote the spin projection along the z-axis, carry the representation m = 0 of SO (2) . Note that (26a) and (26b) are maximally entangled spin-1 states, while (26c) is separable.
that transform amongst themselves
As a consequence, the linear combinations (|β 1 +i |β 2 ) and (|β 1 −i |β 2 ) carry the representations m = 1 and m = −1, respectively. From these examples we note that, while the analysis of spin-momentum entanglement is independent of the spin of the particles and of the particular realisation of the different states that carry SO (2) representations, such realisations have to be taken into account when studying entanglement between pairs of spins, since the characteristic of the states (maximally entangled, partially entangled, separable) may differ strongly from case to case. Nevertheless, we can say safely that if the spin state remains unchanged, as is the case for superpositions that transform under the same representation, then the entanglement between spins will also remain unchanged, no matter its value.
We now analyse the entanglement for a general superposition of two different representations, labeled by m and n, without any reference to the spin of the particles. Figure 2 shows spin momentum entanglement for the general superposition cos θ |m +e iφ sin θ |n ,
where we have again ignored the label α. We choose the three different values of 3, 4 and 5 for m − n since the cases m − n = 0, 1, and 2 are already illustrated as particular cases in Figure 1 .
The first thing to note directly from equation (21) is that, since entanglement depends only on the squared amplitudes of the state, the relative phase φ is irrelevant and spinmomentum entanglement is only a function of θ. Explicitly, entanglement takes the simple Again, as in the case of equation (22), entanglement is invariant for |m (θ = 0) and for |n (θ = π/2). As we can see in Figure 2 , maxima are always at θ = nπ/4, with n an integer,
for all values of m − n. This corresponds to the states
Spin states of this form are the ones that exhibit the maximum spin-momentum entanglement and therefore can be used for situations where the sender wants to transmit information encoded in the spin degrees of freedom to a particular receiver, who has a definite relative velocity with respect to his/her reference frame. Since entanglement depends on the boost velocity, the sender can prepare the state in such a way that the desired amount of entanglement, or the desired boosted spin state, is achieved only for the particular velocity of the receiver. Moreover, entanglement also depends on m − n. For a relatively weak boost, Ω = π/6, the states with m − n = 3 have the maximal amount of entanglement (top left of 
V. CONCLUSIONS
We have analysed the transformation properties of two-particle systems under Lorentz transformations from a quantum information perspective. We focused on the transformation corresponding to the spin degrees of freedom and showed that, in general, the spin subspace carries an exterior tensor product representation of SO(3) × SO(3). For arbitrary momenta this representation is irreducible but, interestingly, the representation becomes reducible for correlated momenta since the underlying group that acts on the spin space in this case becomes SO(3). The states that span irreducible subspaces of SO(3) have interesting properties since they transform amongst themselves under a Lorentz boost and are therefore good candidates for encoding quantum information in relativistic settings. For an EPR-like case, where the momenta of the particles are equal and opposite, the situation simplifies even more since the group that acts on the spin space is SO(2), which has one-dimensional representations of the form e imΩ . We have analysed the transformation induced by the Lorentz boost in the spin space using a basis formed by states that carry representations of SO(2) labeled by m. The transformation of the spin states and therefore their entanglement properties are independent of the total spin of the particle and a general treatment in terms of invariant states is possible. Superpositions of spin states that transform according to the same value of m remain unchanged after the boost and therefore the initial entanglement between individual spins is invariant.
The problem with encoding information into the spin and momentum degrees of freedom is that, since they become entangled as seen by different relativistic observers, the decoding of the said information is not trivial (or perhaps even possible). However, linear superpositions of states that carry the same representation of SO(2) remain invariant under Lorentz boosts, thus offering the opportunity to encode/decode information regardless of the observer. On the other hand, one may wish to encode information into a state that only a particular observer will be able to decode, and the state may then be prepared so that the particular observer with its proper velocity receives the state with the wanted measure of entanglement in order to decode it; in this case superpositions of states that carry different representations of SO(2) are appropriate.
As the entanglement between spin and momentum is most naturally analysed in terms of superpositions of states with different values of m, the basis of states used in this work to study transformations of spin states under Lorentz boosts is a good candidate for building quantum communication protocols in relativistic scenarios.
